February 2020

PORTFOLIO CONSTRUCTION: PART
I - PARAMETER & MODEL
UNCERTAINTY

Portfolio construction based on historical data introduces a number of difficulties. In this three-part article series, some of the most well known
problems with model based portfolio optimization are studied - sensitivity
to changes in data, large variations in portfolio weights and bad out-ofsample performance.
The first article will attempt to evaluate and distinguish which parts of
asset modelling are responsible for the poor performance of the optimal
portfolios - is it the calibration uncertainty, the incorrect model structure,
or the simple fact that the history does not represent the future?
The second article will examine whether it is possible to improve the outof-sample performance of the optimizers based on the findings in the first
article. The proposed method is to introduce parameter uncertainty to the
models by using Bayesian statistics.
In the third and last article, some alternative optimization methods suitable
for a larger number of assets will be introduced. A study on real data will be
performed, where the out-of-sample performance of different optimization
methods measured on different time periods will be compared.

MEASURING THE IMPACT OF MODEL UNCERTAINTY
Throughout this article series, the aim is to find the combination of optimization and simulation methods that on average provides the best out-ofsample performance. The real world consists of only one trajectory. This
makes it hard to evaluate the average performance of a portfolio with any
statistical significance. To solve this it is assumed that the real world follows some model known to us.
As a consequence, the choice of model will certainly impact the results.
Additionally, even though the model itself would have been known to us,
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the problem of calibrating it remains. Lastly, since the historical data does
not represent the future, the effects of time depending behaviour in the
data must be looked into.
To evaluate the model uncertainty of the optimal portfolio, a number of
different simulation models of varying complexity will be set to represent
the real world model. This makes it possible to study how the model choice
affects the weights in the optimal portfolio. The parameter uncertainty will
thereafter be tested in a similar manner; by making small changes in the
parameters of the real world model, the resulting effects on the optimal
asset weights can once again be examined. Lastly, to get an intuitive idea
of how much parameters may vary over time, the average return of the
FTSE 100-stock index is measured over a 23-year time period.

TEST SETUP
Throughout this article series, we consider an optimization framework where
the objective lies in maximizing the portfolio utility. The advantages with
using utility-based optimization instead of e.g. Markovitz’s mean-variance
optimization are numerous; for an extensive account, see Kidbrooke Advisory (2019a). The optimization procedure per sé will be more thoroughly
presented in the subsequent article.
The parameters of the real world model will be chosen to represent a AAA
Swedish corporate bond index, an Emerging Market-equity index, and a
Global equity index. The number of assets is kept small to ensure that
the numerical optimization can be trusted to reach an optimal point, while
correlations and diversification effects are still present.

MODEL UNCERTAINTY
As stated in the previous section, the real model behind the historical data
is unknown to us. To be even more accurate, one would have to state that
historical data does not follow any observable process at all. It is therefore
not possible to choose a correct model. Nevertheless, a model is required
in order to make predictions, which emphasizes the value of determining
how the model choice may affect the optimal portfolio. In this study, the
three following asset models will be compared:

⋄ A multivariate normal model, with constant volatility.
⋄ A stochastic volatility model, where the volatility is modelled as a
separate stochastic process.
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⋄ A stochastic volatility jump diffusion model, with a compounded jump
process added to the stochastic volatility model.

All simulation models were calibrated to have the same expected drift and
covariance. The difference in optimal portfolio weights was thereafter calculated by maximizing the expected utility for a number of different risk
aversion parameters, using simulations from each of the models.
It was found that the model choice had a relatively small impact on the
optimal portfolio; variations of at most 3% where observed in the optimal
portfolio weights. Compared to the parameter sensitivity of the optimal
portfolio weights, as you will see in the following section, the choice of
model appears to be of small importance in the considered case.
It is of course likely that a model with some other characteristics, such
as a time-varying mean, would have a greater impact on the weights of
the optimal portfolio. However, to keep the scope of this article down, the
impact of such model behaviour was not evaluated. However, the topic of
uncertainty in the mean will be the subject to evaluation in the subsequent
sections, as well as further on in the article series.

PARAMETER UNCERTAINTY
Since the complexity of the real world model had a relatively small impact
on the optimal portfolio weights, a simple multivariate normal distribution
will be used to model the asset log-returns in this section. A straightforward way of testing the parameter sensitivity is by initially optimizing the
weights for a given set of parameters. One of the parameters is thereafter
slightly changed, and the optimization re-performed, resulting in a new set
of optimal weights. The parameter sensitivity can thereby be determined
by comparing the difference in optimal portfolio weights.
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(a)

(b)

Figure 1: Figure (a) shows the effect of changing the average monthly log-return of the
global equity index ± 0.003, while Figure (b) shows the effect of changing the standard
deviation for the same assets log-return ± 0.015.

The results indicate that changing the model parameters heavily affects the
optimization outcome. For instance, Figure 1 shows that a change of 0.006
in monthly average log-return or, equivalently, 0.03 in standard deviation
of the global equity index increases or decreases the corresponding optimal
portfolio weight by close to 80%.
In the case of a normally distributed variable, the parameter uncertainty of
the expected drift µ is with a probability of α contained within the following
confidence interval:

σ
µ = µ̂ ± λ1−α √ ,
N

(1)

where λα denotes the 1 − α-quantile of the standard normal distribution,
while σ and N denote the volatility and sample size of the data, respectively.
Given a ten year sample of monthly observations, with a monthly standard deviation of 0.06, the resulting parameter uncertainty of the average
monthly log-return would be approximately 0.02. Recalling that a change
in drift of 0.006 produced a shift in weights of 80% in the optimal portfolio,
an estimation error of this magnitude can be expected to heavily affect the
results.
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PREDICTION ACCURACY
Financial models are most commonly calibrated to historical observations.
This section will therefore focus on the prediction value of historical data,
by studying the time dependent behaviour of an asset’s average return.

Figure 2: Monthly log-return and 95% confidence interval of FTSE 100 index averaged
over a ten-year rolling window, using a monthly step size.

For a visual representation, let us consider the log-return of the FTSE 100
index averaged over a ten-year rolling window, illustrated in Figure 2. The
considerable variations in the mean log-return lead to obvious complications in the model calibration; can a deterministic drift be trusted to represent an asset’s expected log-return, when the historical mean changes
with the above magnitudes? Recalling the significant parameter sensitivity of the optimal portfolio weights, even small fluctuations are bound to
considerably affect the optimization outcome.
Prediction accuracy over time will be returned to later on in this articles
series, where the model calibration and out-of-sample evaluations will be
conducted on historical observations from a different time intervals.
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SUMMARY & DISCUSSION
In this first part of the ”Portfolio Construction”-series, the effects of parameterand model uncertainty on the optimal portfolio weights were examined in
a controlled environment. The results indicated a significant parameter
sensitivity; even minor variations in drift and volatility brought on considerable changes in the optimal portfolio weights. The model choice, on the
other hand, had a smaller impact in this regard.
In line with the results obtained from our test set-up, the model used in
our portfolio construction framework throughout this article series will be a
simple multivariate normal model. Although simulated returns with jumps
and stochastic volatility have the potential to capture observed asset movements more realistically, the model choice seemed to have only a minor
effect on the optimal portfolio weights. Set in proportion to the significant
parameter uncertainty, this opts for the least complex model. An important note is that these findings are a result of a limited study, and should
not be interpreted as more than an indication of what the general case
could be.
Lastly, we showed an example where an estimated model parameter showed
a considerable time varying behaviour, which due to parameter sensitivity
may heavily affect the optimization outcome. One way to account for the
parameter uncertainty is to allow the parameters to be stochastic rather
than fixed. Using a Bayesian sampling approach, the drifts and covariances can be drawn from appropriate distributions before parametrising
the model. The resulting optimal portfolios will then take the uncertainty
of the model parameters into account, which will hopefully lead to a greater
out-of-sample performance. This will be examined in the next part of the
article series, Kidbrooke Advisory (2019b).
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included in this document constitute our judgement as of the date included and are subject of change
without notice. Any opinions expressed do not constitute any form of advice (including legal, tax,
and or investment advice). This document is intended for information purposes only and is not intended as an offer or recommendation to buy or sell securities. Kidbrooke Advisory AB excludes all
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